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ABSTRACT 

We study the algebra Bq{g) presented by Kashiwara and introduce intertwiners similar 
to g-vertex operators. We show that a matrix determined by 2-point functions of the 
^ ' intertwiners coincides with a quantum R-matrix (up to a diagonal matrix) and give the 
commutation relations of the intertwiners. We also introduce an analogue of the universal 
R-matrix for the Kashiwara algebra. 

^ : 

^ . §0. Introduction 

■ In a recent work [FR], Frenkel and Reshetikhin developed the theory of g-vertex operators. 
! They showed that n-point correlation functions associated to g-vertex operators satisfy a g- 

^ ■ difference equation called g-deformed Kniznik-Zamolodchikov equation. In the derivation 
^ I of this equation, a crucial point is that the quantum afRne algebra is a quasi-triangular 
^ ! Hopf algebra. By using several properties of the quasi-triangular Hopf algebra and the 

■ representation theory of the quantum affine algebra, the equation is described in terms of 
[1^ : quantum R-matrices. ( [FR] , [IIJMNT] ) . 

O I In [Kl], Kashiwara introduced the algebra B^{g), which is generated by 2 x rank g 

• symbols with the Serre relations and the g-deformed bosonic relations (See Sect. 1,(1. 5)) 
. in order to study the crystal base of U~ , where U~ is a maximal nilpotent subalgebra of 
^ [ the quantum algebra Uq{g) associated to a symmetrizable Kac- Moody Lie algebra g. (In 
p • [Kl], Bq{g) is denoted by Bq{g)). We shall call this algebra the Kashiwara algebra. He 

^ ■ showed that U~ has a (0)-module structure and it is irreducible. He also showed that 

■ Bq{g) has a similar structure to the Hopf algebra: there is an algebra homomorphism 
' ^9 ^ ^'^^^'^ ® (s)- Thus if M is a ^75(0) -module and A is a S^(0)-module, then 

r^', M ® N has a i?^(g)-module structure via this homomorphism. 

5^ . In the present paper, we shall first introduce the algebras Bq{g), Bq{g), Uq{g) as- 

sociated to a symmetrizable Kac-Moody Lie algebra g and algebra morphisms for such 
algebras. The algebra Bq is obtained by adding the Cartan part to Bq and the algebra Bq 
is an algebra anti-isomorphic to Bq, where we also call these the Kashiwara algebras. The 
algebra Uq is an ordinary quantum algebra. The Kashiwara algebra has no Hopf algebra 
structure, but these algebras admit a certain algebra structure similar to the Hopf algebra. 
In fact, there are the following algebra ho mo morphisms, Uq Uq ® Uq, Bq ^ Bq ® Uq, 

Bq —> Uq ^ Bq, Uq — > Bq ® Bq, au autlpode S : Uq ^ Uq and an anti-isomorphism 
(p : Bq ^ Bq. By using these, we can consider tensor products and dual modules of 
Sg-modules, Sg-modules and t/g-modules. (See Sect.l and Sect. 2.) 

In Sect. 2, we discuss properties of the category of highest weight S^-modules. In 
Sect. 3, we recall the Killing form of Uq due to [R],[T] and give a certain relationship 
between the algebra B^ and the Killing form. We also introduce a bilinear pairing ( | ) for 
highest weight Sg-module H{X), which is an analogue of an ordinary vacuum expectation 
value. In Sect. 4, we restrict ourselves to an affine case and consider the following type of 
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intertwiners similar to qf-vertex operators; 

iiomB^{H{X),H{fx)^V,), (0) 

and examine the condition for existence of such intertwiners. By using the bilinear pairing 
above for a composition of these intertwiners, we define 2-point functions. By using the 
relationship between the algebra and the Killing form, we can explicitly describe a 2- 

point function as a matrix element of an image of the universal R-matrix. In other words, 
2-point functions give matrix elements of quantum R-matrix up to scalar factors. Here 
note that we do not derive any type of equation. This point differs from [FR]. Nevertheless, 
by pure algebraic method we can describe 2-point functions. 

In order to explain precisely, we prepare some notations. Let be a subalgebra of a 
quantum affine algebra Uq without a scaling clement, let V and W be finite dimensional 
C/g-modules, let Vz-^ and be their affinizations, where zi and Z2 are formal variables, 

let R^^{zi/z2) be the image of the universal R-matrix onto W^^ and let ux (resp. 
u^) be a highest weight vector of an irreducible highest weight left (resp. right) Sg-module 
H{X) (resp. -H'^(A)). 

Theorem. ( Theorem 5.3.) For $^^(21) G HoniB^{H{X), H{n)®VzJ and ^"^^ {Z2) G 

K|$;:^(^2)$r(^i)l«A) = g^^-'^''^-"Vi?^^(^i/^2)(^o ® «;o), 

where a : a ®h ^ h ® a, and vq e V and wq e W are the leading temrs of ^(^i) and 
^^^(-^2) respectively. (See Definition 4.1.) 

From this theorem and the unitarity of a quantum R-matrix, we can derive the commuta- 
tion relation of intertwiners of type (0). 

In section 6, for the algebra Bq we give an element TZ, which is an analogue of the 
universal R-matrix TZ. This satisfies, for example, 7?.i27^i37?.23 = 7^23'7^i3'7^i2, etc. We 
also introduce an projector F associated to TZ, which acts on H{X) and singles out only 
the highest weight component. In Appendix A, we list some formulae for algebra homo- 
morphisms related to the algebras introduced in this paper and in Appendix B, we recall 
the theory of the universal R-matrix of Uq. 

The author would like to acknowledge E.Date, M.Jimbo, M. Kashiwara and M.Okado 
for discussions and helpful advice. 
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§1. Preliminary 

We shall define the algebras playing a significant role in this paper. First, let g be a 
symmetrizable Kac- Moody algebra over Q with a Cartan subalgebra t, {ctj G i*}iei the 
set of simple roots and {hi e iji^j the set of coroots, where / is a finite index set. We define 
an inner product on i* such that (a^, cti) G Z>o and {hi, A) = 2{ai, X)/{ai, a^) for A G t*. 
Set Q = ©iZcti, (Bi Z>oQ;i and Q- = —Q+- We call Q a root lattice. Let P a lattice 
of t* i.e. a free Z-submodule of t* such that i* ^ Q ®2 and P* = {/i g t|(/i, P) C Z}. 
Now, we introduce the symbols {e^, e-', /i, {i G I),q^ {h G -P*)}- These symbols satisfy 
the following relations; 



g° = l, and q^q^' = q^^^\ 


(1.1) 


q'^aq-^ = g<'^'"^>e,. 


(1.2a) 




(1.26) 




(1.3a) 




(1.36) 




(1.4) 


II f. _ , „ . 


(1.5) 


fl _ (.('^i.^jOg./-' I (?. . 

Ji*^j qi ^]Ji ^ 


(1.6) 


l-{hi,aj) 





' (-l)^xf = 0, ( for X, = e„ e^', /„ and z ^ j), (1.7) 



fc=i 

where q is transcendental over Q and we set qi — g("i''*<)/2^ — ^ [77,]^ — (^qn_q-n^ j (^g. _ 

Qi'), = and = 

Now, we define the algebras -6^(0), -6^(3) and ?7q(0). In the rest of this paper, we 
denote the base field Q(g) by F. The algebra -8^(0) (resp. Bq{g)) is an associative algebra 
generated by the symbols {e" , fi}iei (resp. {e^, fi}iei) and q'^ {h G P*) with the defining 
relations (1.1), (1.2b), (1.3a), (1.5) and (1.7) (resp. (1.1), (1.2a), (1.3b), (1.6) and (1.7)) 
over F. The algebra Uq{Q) is an associative algebra generated by the symbols {ei,fi}iei 
and q^ {h G P*) with the defining relations (1.1), (1.2a), (1.3a), (1.4) and (1.7) over F. We 
shall call algebras -Bq(g) and -Bq(g) the Kashiwara algebras. ([Kl]). Furthermore, we define 
subalgebras 

T = {q% G p*) = BM n BM n UM, 

B^iQ) (resp. P^(0)) = (ef , fi (resp. a, fl)\i G /) C P,(0) (resp. P,(0)), 

t/+(s) (resp. [/-(fl)) = (e, (resp. /,)|z G /) = ^^(fl) n [/,(fl) (resp. P^^(fl) n [/,(fl)), 
[/,^(fl)(resp. U^{g)) = {e,iresp. /,), g'^|z G /, /i G P*) = P,(0) n [/,(fl) (resp. P,(fl) n [/,(fl)), 
P+(fl) (resp. B;{q)) = (e^' (resp. /;)K G /) C P,^(0) (resp. ^^(fl)), 
P|(fl) (resp. Bfio)) = {e'l (resp. /0,g'^K eI,heP*)G P,(0) (resp. P,(0)). 

We shall use the abbreviated notations U, B, B, P^,- • • for Uq{Q), Bq{Q), Pq(fl), P^ (fl),- • • 
if there is no confusion. 
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For /5 = X] iT^i<^i £ Q+ we set \P\ = ^rrii and 

U±p = e U^\q^uq-^ = q^^^'^^u {h G P*)}, 

and call a height of /5 and Up (resp. C^J^) a weight space of U'^ (resp. U~) with a 
weight /9 (resp. — We also define B'^ and -B_^ by the similar manner. 

We shall define weig ht completions of L^^) ® • • • ® L^'"), where L^*) = S or t/.(See[T]) 

L^^)® • • • §L(™) = limLW (g) • • • L^'^^/iL^^^ • • • L('^))L+'', 

where = ®\i3^\+...+\p^\>iL^^^'^^ ® • • • ® L^"^^^^- (Note that t/ ^ C/- ® T ® t/+ and 

S = [/~ ®T ® S+. ) The linear maps A, A^^\ 5', multiplication, e.t.c. are naturally 
extend for such completions. 

Remark 1.1. The algebra is introduced in [Kl] for studying the crystal base of U~ 
and called the reduced g-analogue. Note that in [Kl] the algebra defined by the relation 

^'ifj = Qi ^'^""^^/jc^ + 5ij is mainly studied, but there is no essential difference since both 

are equivalently related to each other hy q ^ q~^ . 

We shall introduce the algebra homomorpnisms related to the algebras defined above. 

Proposition 1.2. (1) If we deGne linear maps A : U ^ U (^U, A^'^) : B ^ B ®U, 
A (0 -.B^U^B and A^^) :U ^B0B by 

A(g^) = A^'\q^) = A^^\q'') = A^^\q^) = ® q^, (1.8) 

A(e,) =e, ® 1 + t, ®e„ A(/i) = ® t"^ + 1 ® /„ (1.9) 

A^'^) (e'l) = (q, - q-') f-'e, + e'l ® t-\ A^^) (/,) = /, ® t;' + 1 ® (1.10) 

A(') (eO = ei®l + U(g)ei, A^'^ (/^ = {qi - qi^)tifi ® 1 + U (1.11) 

A(^)(e,) = + e, 1, A('')(/,) = 1 ® + ® (1.12) 

% - 9i Qi- Qi 

and extending these to the whole algebras by the rule: A{xy) — A{x)A{y) and A^'^\xy) = 
A«(a;)A«(y) (i = r,l,b), then they give well-deGned algebra homomorphisms. 
(2) If we define linear maps S : U ^ U and (p : B ^ B by 

S{e,) = -t-'si, S{fi) = Siq'^) = q-^ (1.13) 

<p{ei) = ^e^', <p{n) = -{qi-qr')fi, <fi{q^) = q-\ (l-M) 

and extending these to the whole algebras by the rule: S{xy) = S{y)S{x) and <f{xy) = 
(p{y)ip{x), then these maps give well-defined anti-isomorphisms. 

Note that in [Kl] a homomorphism similar to A*^^) is introduced. 

Proof. By direct calculations, we can check all the commutation relations. But it is 
too complicated to check the Serre relations directly. Since the map A is an ordinary 
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comultiplication, we may assume that A is well-defined. The formulae (AlO), (All), 
(A12) and (A13) in Appendix A are useful for checking the Serre relations. For example, 

from (AlO) and the fact: A|[]> = A^u>, we have 

k=l k=l 

= iqj' - <lj){<li' - qi)'-^'-''^^c7{S ^)A( X] ' Vl)'ef )e,ef -<^-«^^-^^) = 0. Q.E.D. 

k=l 

Remark 1.3. 

(1) If we define an algebra homomorphism e : [/ — > F by e{ei) — s{fi) = and e{q'^) = 1, 
then (A, S, s) gives a Hopf algebra structure on U. 

(2) The following diagrams are commutative: 



B 



B®U 

1®A I 



B 
U®B 



v(0 



(0 



U®B 

A(g.l I 

U ®U ®B 



Thus for a B (resp. -B)-module L, and L^-modules M and A^, there is an isomorphism 
of B (resp. B)-module; 

{L® M)® N ^ L®{M ® N) (resp.(M ®N)®L^M®{N® L)). 

Hence we write these L ® M ® N (resp. M ® N ® L). More generaly, if M is a 
B (resp. i?)-module and A^i, ■ ■ ■ , A^ are tZ-modules, then M ® Ni ® ■ ■ ■ ® (resp. 
Ai (g) • • • (8) Afc (8) M) is a well-defined B (resp. 5)-module. 

(3) If M is a 5-module and A is a S- module, then M ®N has a U -module structure via 

(4) From (A8) (resp. (A9) ) and the coassociative laws of A*^^-* (resp. A*^'-*) and A as in 
(2), we know that B (resp. B) has a right(resp. left) t/-comodule structure, (sec [A].) 

(5) The algebra B- (resp. B~) is isomorphic to U- (resp. U-) as an associative algebra, 
but B- (resp. B~) has no Hopf algebra structure, thus we do not identify them. 

We list several formulae for these operations in Appendix A. 
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§2 Representation theory of the Kashiwara algebra 

We shall discuss the representation theory of the algebra -Bg(g). In the rest of this paper, 
we assume that all representations below have a weight space decomposition and each 
weight space is finite dimensional, where for a vector space M with a T-module structure, 

a weight space Mx with weight A e t* is defined by {u e M\q^u = q^^'^'^u {h e P)}. 

2.1. Dual modules Let M be a left 5-module and h : B ^ B an anti-isomorphism {e.g. 
(p in Sect.l). Then the dual space M* = Homp(M, F) has a left S-module structure by 

{xu, v) = (w, h{x)v), for X eB, u e M*, v e M. (2.1) 

We denote it by M*^. Similarly, for a S-module and an anti-isomorphism g : B ^ B, 
the dual space N* has a left S-module structure and we denote it by N*^. 

Let M be a S-module, be a t/-module and g be as above. Then we can give a left 
S-module structure on Homp(M, A^) by 

{xf){u) = ^a;(2)/(^(x(i))«), for x e S, / e HomF(M, N), ueM, (2.2) 

where we denote A('^)(a;) = ® X(2) & B ®U. 

Note that there is an isomorphism as a 5-module; 

Homp (M, N) ^ M*» ® N. (2.3) 
Similarly, for S-modules M and N, we give a t/-module structure on Homp(M, AT) 

by; 

{yf){u) = J2y{2)f{h{yii))u), for y e U, f e iiom-p{M,N), u e M, 
where A^'') (y) = J2 ^(i) <^ 2/(2) eB^B. 

Proposition 2.1. Let L be a B-module, M be a B-module, N be a U-module and 
(p : B ^ B be as in Sect.l. Then we obtain an isomorphism of vector spaces; 

HomuiL ® M, AT) ^ HomeiM, Hom-p{L, N)). (2.4) 

Remark that L®M has a t/-module structure via A'^''^ and Homp(L, A^) has a -B-module 
structure via A^*"^ according to (2.2). 

Proof. We define a map $ : Hom[/(L ® M,N) — »■ HomB(M, Homp(L, A^)) as follows: for 
/ e Hom;7(L 0M,N), $(/) is given by 

$(/)(,): N 

x\ — > f{x®y)' ^ 

First we check the well-definedness of $ i.e. 5-linearity of ^*(/). For P e B, x e L and 
y e M hj the definition of we get {^{f){Py)){x) = f{x <S> Py)- From (2.2) we can act 
P on ^(f)(y) as follows; 

{P^f){y)){x) = J2Pi2)miy)i<p-'Pii)^) 

= Y,P{2)f{^~^P{i)X®y) ^ ^ 

(2.5) 



where (10 A(''))A('^)(P) = E^(i)®-P(2)®-P(3)- From (A2) in Appendix A, the last formula 
in (2.5) is equal to f{x®Py). Hence $(/) is S-linear. The injectivity of $ is trivial. For k G 
HomB(M, Homp(L, iV)), we define ^'(A;) G Hom[/(L ® M, N) by *(fc)(x ® 2/) = {k{y)){x) 
{x & L, y E M). We can easily check the well-definedness of W and $ o \&(fc) = k. Q.E.D. 

From Proposition 2.1 and (2.3), for a S-modules L, M and a [/-module A^, there is 
an isomorphism; 

Homc7(^L*'^ ®M,N)^ HomB(M, L ® N), (2.6)33 

where ^L*"^ is a restricted dual module of L defined by "^L* = (BxL*^, L is a weight 

completion of L defined by L = Ha -^A and note that as a -B-module: (j'L*'pyp ^ i, 
Similarly, we obtain 

Corollary 2.2. For B--modules L, M and U--niodule N, there is an isomorphism, 

Homu> CL*'^ ® M, AT) ^ HomB> (M, L^N). 

Note that in the rest of this paper the expression L(8)A imphes L (g) A. 

2.2. Highest weight B-modules We shall discuss highest weight -B-modules. 
Proposition 2.3. For X e t*, we set 



H{\) = B/Y,Be'l+ 5(g'^-5^'''^), 

i heP* 

H-{\) = B/Y,hB+ 5^(g'^-g<'^'^>)5. 



(2.7) 



i h€P* 

Then for an arbitrary A, H{X) (resp. H'^{X)) is an irreducible highest weight left (resp. 
right) B-module and is a free and rank one U~ (resp. B~^ )-module. 

We denote the highest weight vector 1 mod J^i^^i + S/iep* B{q'^ — q^^'^^f) by u\ 
and 1 mod Zi fiB + T.h^p*{q'' - g<^'^>)S by u^. 

Proof We show only for H{X). In [Kl], it is shown that the subalgebra U~ C U has 

a S^-module structure and it is isomorphic to an irreducible S^-module B"^ / ^^B'^e'- . 
Since is a subalgebra of B, H{X) is regarded as a S^-module. We can easily obtain 
the following isomorphism of -B^-modules and then of [/"-module, 

BVT,^B^e':^ U- ^ H{X), 

X ^ Xux. ^ ' 

Hence H(X) is irreducible as a S^-module and then irreducible as a S-module. Q.E.D. 

Let 0{B) (resp. 0'^{B)) be the category of left (resp. right) -B-modules M such that 
M has a weight space decomposition and for any element u E M there exists I > such 
that ef^e^'^ ■ ■ ■ e'^u = (resp. ufiji^ . . . /^^ = 0) for any h, Z2, • • • , G /.(See[Kl]). 
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Proposition 2.4. (See Remark 3.4.10 [Kl]) The category 0{B) (resp. O'^iB)) is semi- 
simple, (i.e. any object is a direct sum of simple objects) and for any simple object M 
there exists A G t* such that M = H{X) (resp. M = if'^(A) ) as a B-module. 

Proof. We shall show only for 0{B). Let M be a simple object of 0{B) and vx be a 
highest weight vector of M with a highest weight A, where a highest weight vector implies 
a weight vector annihilated by any (z e /). Here we set ux a highest weight vector of 
H{X). We can easily know that a map 

is B-linear and surjective. The kernel of tt is a 5-submodule of H{X), and by Proposition 
2.3, the kernel of tt is 0. Hence tt is injective. Next we show the semi-simplicity of 0{B). 
First note that if iV C M are objects in then M/N is also an object in 0{B). Let M 

be a non-simple object of 0{B). Without a loss of generality, we may assume that M has 
two highest weight vectors u and v. By the argument in this proof, Bu and Bv are simple. 
We have M = Bu + Bv and then S-module M/Bu has only one highest weight vector v 
and M/ Bu = Bv. By the argument in this proof, we have Bv = Bv since wt{v) — wt{v). 
Thus the following exact sequence splits; 

— > Bu — > M — > Bv — >0. 
Therefore, we obtain the desired result. Q.E.D. 
Note that lowest weight 5-modules, e.g. H{X)* have similar properties. 
§3. Bilinear forms 

In this section, after recalling the Killing form of U, we give an interpretation of the Killing 
form of U by the algebra 5^. We also introduce a bilinear pairing similar to a vacuum 
expectation value. 

Proposition 3.1. ([R],[T]) (1) There exists a unique bilinear form 

( , ):U^xU^^F, (3.1) 
satisfying the following properties; 

{x,ym) = {^{x),yi^y2), {x eU^, yi,y2eU^), (3.2) 
{xiX2,y) = ix2<^xi,A{y)), {xi,X2 e U-, y e U-), (3.3) 

{q^,q''') = q-^''\^'^ {h,h' e P*), (3.4) 
(T,/,) = (e,,T) = 0, (3.5) 
(ej, fj) = Sij/{q~^ - qi), (3.6) 

where ( | ) is an invariant bilinear form on t. ([Kac]). 

(2) The bilinear form ( , ) enjoys the following properties; 

{xq^,yq''') ^q-^''\^'\x,y), for x e , y e , h, h' e P* , (3.7) 
For any /3 e Q+, [ , ).^+^^- is non-degenerate and (C/+, UZg) = 0, if 7 7^ (5. (3.8) 
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We call this bilinear form the Killing form of U. 

By using the relation (1.5), it is easy to see that the algebra has the following decom- 
position; 

B'' = F®{J2 fiB"" + J2 B'^e'l). (3.9) 

i i 

Hence for any x G B'^ there is a unique constant c such that x = c mod fi^^+^i ^'l- 
We denote this c by i{x). 

There is the following connection between l and the Killing form of U . 

Proposition 3.2. Let l be as above and ( , ) the Killing form of U. For any u e C/+ and 

V e U-, 

L{ip{u)v) = {u,v). (3.10) 

Note that since u E U+ = B nU, (f{u) e B^ and then (f{u)v e B^ . 

Proof. We may assume u and v are weight vectors. If wt('u)+wt(v) ^ 0, trivially L{(fi{u)v) = 

{u, v) = 0. For u e and v e (/? e Q+), it is enough to show 

ip{u)v = {u, v) mod Be'-. (3.11) 

i 

We shall show by the induction on = height of /3. Set / = |/?|. Without a loss of 
generality, we can set u = Si^Si^ ' ' '^ii ^iiid v = fj^fj^ ■ ■ ■ fji, where CKj^ + ■ ■ • + = 
QJjj + h Ctj; = (3. 



k=i 

|-"ji> // // f f It 

'iii ^ii" ' ^i2Jh ' ' ' Jjl^ii 

I 

{ftii,a,i+-+a,,„_^> II " f. ...f. f. ...f. 

m=l 



Thus, by the hypothesis of the induction, 

1 {h • + + ■ ) 

J2 ^ii ^n,JmV{ei2 • ■eii)fn ■ ■fjm-Jjm+i ■ -fh mod ^ Be'- 



= T^rz T Yl Q^^""''^ '^5^i,j.n(ei2 ■ ■ei;,/ji ■ ■fj^_Jj^+, ■ ■fj,)iaiodJ2Be'-. 

(3.12) 

On the other hand, from the formulae (3.2)-(3.8) and the explicit form of A(/j). 

i^ii ■ • • Ci; , /ji • • • fji) = (Cja • • • Cj; <8) Cj^ , A(/j^ " ' fji)) 
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I 

~ ■ ■ ■ 6i( ® , fj^ ■ ■ ■ fj^_ifj^+i ■ ■ ■ fji <8) tj^ ■ ■ ■ tj^_j^fj^tj^^^ ■ ■ ■ tj^ ) 

m=l 

I 

~ ^^^2 ■ ■ ■ ) /?1 ■ ■ ■ fjm-lfjm+l ' ' ' fjl ) i^il 1 ' ' ' ^jm-l^^m^jm+l ' ' ' ^jl ^ 

m=l 

~ Ijm ' -fjm ) (^i2 ■ ■ ■ , /ji ■ ■ ■ fjm-1 fjm + 1 ' ' ' fjl ) 

m=l 

~ / -1 _ \ (^»2 ■ ■ ■ ^in /ji ■ ■ ■ fjm-lfjm+l ' ' ' fjl)- (3.13) 

m=l ^^ii 

From the equality of (3.12) and (3.13), we get the desired result. Q.E.D. 

Wc shall define a bilinear pairing similar to vacuum expectation values. For A e t*^ 
we define a bilinear pairing ( | ) : H^{X) x H{X) ^ F as follows: Similar to (3.9) the 
algebra B has a decomposition; 

i i 

Let O : S — T be a canonical projection. Here wc can define a T-valued pairing E : 
BxB — > T hy E{x,y) — 0,{xy) for x,y e B. By the definition of £"( , ) and the associativity 
of 5, we have 

E{xy,z) = E{x,yz) for x,y,zeB. (3.15) 

We define tt^ : T — >• F by tux = nx{t)ux for t G T. A bihncar pairing ( | ) : -ff^(A) x 
H{X) F is given by {u\v) = nx{E{P, Q)), where u = u\P and v = Qux {P, Q e B). It 
is clear that this is well-deined, i.e. it does not depend on a choice of P and Q. 

Proposition 3.3. There is a unique and non-degenerate bilinear pairing ( | ) : H'^{X) x 
H{X) F such that 

{ux\v) — {u\xv), {x e B) and (uWux) = 1. (3.16) 

Proof. If we assume the existence, then the uniqueness immediately follows from (3.16). 
The existence follows from the construction above and (3.15). We shall show non-degeneracy.| 
Let {Pi} C and {Qi} C U~ be bases dual to each other with respect to the Killing 
form such that each basis element is a weight vector. By Proposition 3.2, we get 

^{Pi)Qj = Sij mod J2 fiB"" + ^""^^ (3.17) 

i i 

Hence 

{u\ip{Pi)\QjUx) = 5ij. 

Moreover, by Proposition 2.3, {u\(f{Pi)} and {QiUx} are bases of H'^{X) and H{X) respec- 
tively. Thus we have completed the proof of Proposition 3.3. Q.E.D. 

From the property (3.16), we shall use the expression (tt|a;|v) for {ux\v) = {u\xv) (u e 
H^{X), V e H{X) and x e B). 
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§4. Intertwiners 

In this section and the next section, we restrict g to be an afRne Lie algebra. We shall 
study the following type of intertwiners, which is an analogue of so-called "g-vertex oper- 
ators" ( [FR] , [D JO] ). 

HomB,(£,)(iy(A),iy(/i)gF,), (4.1) 

where Vz is a representation of C/ = Uq{Q) (see below). 

4.1. Notations Wc shall prepare notations. (See [KMN^],[DJO].) 

Set / = {0, 1, ■ ■ ■ , n} and ((/i^, aj))o<ij<n coincides with an afhne Cartan matrix in [Kac] 

(2) ~ ~ 

except for the type . For this type we reverse the ordering of vertices since we need 
that d — ao E Yl7=i '^^i ^ generator of null roots 6. Let c be a canonical center of 
0, {Aj}i£/ a set of fundamental weights and d E i a scaling element. Now, since g is 
affine, dimt = + 1. Thus we can write P = ©iZA^ © ZS and P* = ®iZhi © Zd. We set 
t*; = ©jQAj, Pel = P/Z6, {Pel)* = ©iLo^^j d : P ^ Pel be a canonical projection. 

We fix a map af : Pd P hy af o d{ai) = ai {i 0) and af o c/(Ao) = Aq so that 
d o af =id and af o c/(ao) = ao — S. For a fixed e Q, we set (t*^)^ = {A G t*;|(c. A) = k} 
and wc say that A G {ici)k has a level k. The subalgebra of U (resp. B) generated by 
{ci (resp. e'-), fi\i G /} and q'^ {h G {Pd)*) is denoted by U' (resp. B'). 

For a finite dimensional C/'-module V and a formal variable ^, we define an affinization 
Vz = Ffz, z~'^] ® V with a t/-module structure as follows; 

ei(^'^ © w) = z'^+'^^o ©e,M, fi{z'^ ®u) = z''-^'^ ® fiU, 
wi{z^ ®u) = n5 + a/(wt w). 

4.2. Condition for existence We shall examine the condition for existence of the inter- 
twiners of 5-modules of type (4.1) by the similar way of [DJO]. 

Definition 4.1. For A, /i G (t*^)fc and $ G HomB{H{X), H{ji)%Vz) and the highest weight 
vector u\ and u^, write the image of u\ by $ 

^ux = Un®vit-\ , 

where ■ ■ ■ implies terms of the form u® v with u G (B^y^ij,H{iJ,)^. We call vu the leading 
term of 

Proposition 4.2. The map sending $ to its leading term gives an isomorphism; 

HomB{H{X),H{^i)%Vz) ^ (V^.)a-m- 

Proof. Let Fu^ be one dimensional -B--module with defining relations: e'^ux — and 
q^ux = q^'^'^^ux- We prepare the following lemma. 
Lemma 4.3. We have the following isomorphism; 



HomB{H{X),H{ii)§Vz) ^ HomB>{Fux, H{ii)^Vz) 



(4.3) 



Proof of Lemma 4.3. By 5-linearity of one gets ^--linearity of ^|Fw;^ ^'"A = 0, 

then $ = 0. Hence the map (4.3) is well-defined and injective. To show the surjectivity, 
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take a vector v e H[iJi)®Vz such that wt(f) = A and e'^v = for aU i E I. By the 
property of the category 0{B) (Proposition 2.4.), S-module Bv is isomorphic to H{\) as 
a S-module. Hence we obtain the surjectivity. Q.E.D. 

From CoroUary 2.2, we have the foUowing isomorphism; 

R.H.S. of (4.3) ^ Homc;> {''H{ii)*'^ (g) Fux, V^). (4.4) 

Here note that A^''\U^) C U^®B^ and as a £/-(= SnC/)-module ''H{iJ,)*'^ is isomorphic 
to 

It is easy to see that R.H.S of (4.4) is isomorphic to (Vz)^-^. Q.E.D. 

§5. 2-point functions and commutation relations of intertwiners 

In this section we show that a matrix determined by "2-point functions" coincides with a 
quantum R-matrix up to a diagonal matrix and give commutation relations for intertwiners. 

5.1. 2-point functions First we shall define "2-point functions" for the intertwiners of 

S-modules introduced in Sect.4. We fix e Q. For $^^(^i) e HomB(-H"(A), if(;u)®VzJ 

and $^^(22) e HomB(ii/'((u), H{i')®Wz2) i^^ fJ'i^ ^ {^li)k), we use an abbreviated notation 

$;;^(22)$^^(2i) for ($;;^(^2)(8)idi4^ )$^^(zi). with this notation, the following is called 

2-point function; 

«|$;:^(^2)$r(^i)l«A) e F[[^]] 

We shall give an explicit description of 2-point functions. For a S-module H{X), 
'^H{\)*'^ means the restricted dual module ®^{H{X)*)^ as in Sect. 2. Here '^H{X)*'^ is an 
irreducible lowest weight left S-module with a lowest weight vector denoted by such 
that flul = for any i e I, = q'^^'^^^ul for any h e P*, (ul.ux) = 1 and (it^,f) = 
for V e ®ij,^\H{X)ij^. From Proposition 2.1 and the formula (2.6), there is an isomorphism 
for X, lie {i*i)k; 

* : Romui'^Hiiiy'^ (g) H{X), V^) ^ RomB{H{X), H{ix)§V,). (5.1) 

We translate this in terms of dual bases as follows. Let {ui} C H{iJ,) and {u*} C 
'^H^nY'^ be bases dual to each other such that e {ui\. Then for x e H{X) and 
(j) e Homf/(^iy(//)*^ H{X), V;), * is given by 

^{4>){x) = ^Ui®(t){u*®x). (5.2) 

i 

The following lemma is immediate from (5.2) and the definition of the leading term. 
Lemma 5.1. Let and be as above. Then (j){u*^ ® u\) is a leading term of ^^(0). 

Lemma 5.2. Let {Pi} C U'^ and {Qi} C U~ be bases dual to each other with respect to 
the Killing form such that each basis element is a weight vector and 1 e {Pi} (and then 
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1 e {Qi}). Then for any X e t*, {P^w^} C ''H{X)*'^ and {QiUx} C H{X) are bases dual to 
each other. 

Proof. First note that for u e ''H{X)*'^, v e H{X), x eB and y e B, 

{xu, yv) = (u, (f{x)yv) = {(f^^{y)xu, v). (5.3) 

From Proposition 3.2 and (5.3), we get {Piu\, QjU\) — Sij and from Proposition 2.3 (and 
similar one for lowest S-modules), we know that {PiU*^} and {QiUx} are bases. Q.E.D. 

Let 7?. be a universal R-matrix and TZ'{z) a modified universal R-matrix as in (BIO) 
(see Appendix B.). Let V and W be finite dimensional [/'-modules and and their 
afiinizations. We denote the image of the universal R-matrix onto a [/-module ® 
by {z) — iTv0w{T^' {z)), where z = zxjzi. This coincides with a quantum R-matrix 
on F (g) up to a scalar factor. 

Theorem 5.3. For mtertwmers $^^(-2i) G HomB{H{X), H{n)^VzJ and {Z2) E 

HomB{H{fi), H{i')i^Wz2), ^6 '^0 G and G be leading terms of $^^(^1) 
and ^'^^ {Z2) respectively. Then the 2-point function is given by 

«|$;:^(^2)^r(^l)l«A) = ^^^-'^''^-^V O i?^^(^l/^2)(^0 ® ^0), 
where a : a®h ^ h® a. 

Proof Let ^ be as in (5.1). We set 0i = ^'-^($^^(^1)) and 02 = ^-^{^"^^ {Z2)). Let 
{Pi} and {Qi} be as in Lemma 5.2. From (5.2) and Lemma 5.2, for x e H{X) we have 

^m'^(-22)^^''(-2i)(x) = Qju, ® MPj< «) Qiu,,) ® 0i(Pi«; ® a;), 

and then 2-point function can be written by 
{ul\^';'^{z2)^f{zi){x)\ux) = Y,^2K®Q^u^.)®<i>l{Piul®ux) G ¥[[^]]®W ®V. (5.4) 

By the intertwining property of (i = 1, 2) and the fact that e'^ux — and /^'w* for any 
i & I, we have 

Pi0i(«; (8) ux) = 0i(AW(P,)(«; ® «a)) = ® ^a), 

Qi02« ® U^) = (f)2{A^''\Qi){ut (g) U^)) = 02« QiW;u). 

Hence (5.4) can be rewritten by 

{u:\^;'^{z2)^f{zi){x)\ux) = cT (^ ® Q,) • {MK ® «a) ® </'2« ® (5-5) 

i 
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From (B9) in Appendix B, on a vector u<^v (wt(tt) = ^ and wt{v) = rj) we have 

7e = g-(^'^)^Pi^Qi. (5.6) 

i 

From Lemma 5.1, (/>i(w* (8> u\) (8> 4>2{ut ® '"m) = '^^o <8) t^o- Therefore by the formulae (5.5) 
and (5.6), we obtain the desired result. Q.E.D. 

Fix bases C and C of V and W respectively such that each basis element is a 
weight vector. For a pair {vi,Wj) e C x C let ^'^'^^{zi) e }iomB{H{X), H{iii)§)Vz^) 

and ^■)(-S2) e HomB(i?(//j), iy(i/j)(8)W^2) be intertwiners with leading terms Vi and wj 
respectively. Let E{zi,Z2)., D e End(F(8) VF) be matrices defined by 

S(2;i, Z2) : Vi ^ Wj ^ a{ul.\^2Z)(^^)^x,{i)(^^)M^ 
D:vi®wj^ ^(wtK),wtK))^. ^ y^.^ 

From Theorem 5.3, we obtain the following; 
Corollary 5.4. With the notations as above, we have 

^{z^,Z2) = DB:''^{z^/z2). 

5.2. Commutation relations Let V and W be finite dimensional C/'-modules. We assume 
that (8) is an irreducible t/-module. Let C and C be bases of V and as in 5.1. 

Now, we fix fo G C, Wo e C*', A, e (t*/)fe such that A — = a/(wt(vo) + wt(i(;o)) and let 

$J^^(z) and $^^(2;) be intertwiners such that their leading terms are vq E C and wq G C 

respectively. Here note that we identify v E V and w E W with l^v E Vg and 1 (8) w e 
respectively. We set 

E = {{v,w)eCx C'\af {wt{v)) + af{wt{w)) = af {wt{vQ)) + a/(wt(«;o))}. 

For a pair {vi,Wi) G E, we set ^'^^^■^{z) and ^|^.^j)(^) be intertwiners such that their 

leading terms are Vi and Wi respectively. 

For a [/'-modules V ® from the uniqueness and the unitarity of quantum R- 
matrices, there exists f{x) G F[[x,x~^]] such that 

R'''^{z,/z2)aR'^''{z2/z,)a = f{z,/z2)idv^w. (5.7) 
We define Wi{zi/z2) by, 

R'''^{z,/z2)-\vo ^wo) = J2 ^(^^(''^^'^^("^^(^i ® Wi)Wi{z^/z2). (5.8) 

i 

Proposition 5.5. With the notations as above, we have the following commutation rela- 
tion (in the sense of matrix element); 

aoR^^{z,/z2)^;''{z^)<^'','^{z2)^q^'-^'^-''^f{z^/z2)Y.%^^^^^^^ 

i 

14 



Proof. From (5.7) and Theorem 5.3, we have 

f{zi/z2){vo ^ wo) = R'''^ {zi/z2)aR'^^ {z2/zi)a{vo ® wo) 

= q-^''-^'^-''^R'''^{zr/z2){ul\^''/{zr)^^^'^{z2)\ux) 



(5.9) 



On the other hand, from (5.8) and Theorem 5.3, 

z;o®«;o = ^E«I*S^)(^2)$^:(5(^i)|«a)W^(^iA2). (5.10) 

i 

From (5.9), (5.10), the intertwining property of cr o R^^ [z) and S-hnearity of elements in 
HomB(-ff (A), i/(/i)®]4), we obtain the desired result. Q.E.D. 

Example. Set q = 5(2 and V = Fu+ ® Ftt_. A t/-module structure of Vg is given by 

eo(^"ti+) = z^+\., eoiz'^u.) = 0, fo{z^u+) = 0, /o(^"ti-) = 
ei{z^u+) = 0, eiiz^u-) = z^u+, fi{z^u+) = z'^U-, fi{z^U-) = 0, 
wt{z'^u±) = nd ± (Ai - Ao). 



Set 

(^)oo = 11(1 - q'^z), p{z) = 1^ '[^ , e(^) = {zUiq'z-'Uiq'U. 

\Z)c>o\q Z)oo 



i=0 



An explicit form of the image of the universal R-matrix onto Vz^ ® V^^ is described in 
[DFJMN], therefore 2-point functions are given as follows; 

{ul\^f{z2)^f{z^)M=p{z,/z2)x 



u± <S>u± if X — iJ, = fi — 1/ = ±(Ai — Aq), 



T-^T 7— —U+ tt- + rr— |^-^7^tt_ tt+ if A — it = — ii = Ai — An, 

l—q-'zi/z2 Z2 ^ l—q^zi/z2 -|- l ui 



l-q^l[%2 ^+ ®^-+ l-q^zjz2 ^- ® ^+ if A-// = I/-// = Ao-Ai, 

where we normalize intertwiners so that their leading term is u+ or u-. Note that 
(Ai, Aj) = SiiSji/2. The function in (5.7) is given by 



e{z)e(q^z) 
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§6. An element TZ and a projector F 

In this section we do not restrict g to be an affine Lie algebra. We introduce an element 
TZ, which satisfies the properties similar to those of the universal R-matrix. 

6.1. An element TZ We follow the notations as in Appendix B. We can define {B®U®'^) 
and extend A*^^-* by the similar manner as in Appendix B. 

Let TZ be the universal R-matrix of U (see (B8) in Appendix B.). We define 

n = q-'' «> kf3)i^S-^ 1)(C^) e amU). (6.1) 

Here note that left components of Cp belongs to then the map ifiS~^ : U- U- 

B- is well-defined, and formally we can write TZ = {(fiS~^ (8) 1)TZ since (pS~^ act as an 
identity for the Cartan part. 

Proposition 6.1. TZ enjoys the following properties; 
TZ is invertible and 

TZ-'= J2 q^^'^\l^k/3){^®l){Cf3)q'', (6.2) 

l3eQ+ 

(A('^) ® 1)TZ = :^l37^23, (6.3) 
(1® A):^ = ^137^12, (6.4) 
A('^)(A) = (A® 1) -^^ (XeU-), (6.5) 
TZ-{ip^S)aA^''\X) = {(pS-^^Sifi-^)aA^''\X)-n, {X e B+). (6.6) 

Corollary 6.2. We have the following equation in {B®U®U); 

'^23^13^12 = '^12'^13^23- 

Proof of Corollary 6.2. From the properties (6.4) and (Bl), 

7^23^l3^l2 = 7^23(l<8) A):^ 

= (l0ao A)TZ ■ TZ2Z 

= TZi2TZizTZ2z. Q.E.D. 

Proof of Proposition 6.1. We can derive (6.2), (6.3), (6.4) and (6.6) from the property of 
TZ. In fact, (6.2), (6.4) and (6.6) are immediate from (B1)-(B3). To show (6.3), we only 
need the following 

A^'^^cpS-^X)) = {cpS-^ l)A(A), for any X e U^. 

This is easily obtained by direct calculations. Hence 

(AW ® 1)TZ = (AW ® 1){^S-^ 1)TZ 

= {(fiS-^ 1 i)(A i)7e = {<fiS-^ 1 i)7ei37e23 = ^^13^23- 

In order to show (6.5), we shall prepare some lemmas. 
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Lemma 6.3. Let Cp he as in Appendix B. Set = {(pS ^ l)^^^- For any i e I we 
have, 

[fi^l,Ci3+a,]=Cp{ti^fi). (6.7) 

Proof. We show the following lemma. 

Lemma 6.4. For any i e I, P E Q+ and u e Up_^^,, we have 

[fi,ipS (w)J = — ^ , 

where v e Uj^ is uniquely determined by A(t() = w 1 + f (g) + • • where • ■ ■ imphes 
terms whose right component is an element of ®i3^o,aiU^ 

Proof We fix z e /. For /? = J2j '^jOiji we shall show the induction on m^. We may assume 
that w is a monomial ej-^ej.^ ■ ■ -Cj^ where / = + 1. If = 0, we can write u = zCiW 
where z — Cj-^^ - ■ ■ ej^._^ , w — Cj^,^^ • • • e^j and jp ^ i for any p — 1, ■ ■ ■ , k — 1, k + 1, ■ ■ ■ ,1. It 
is easy to see 

[f^,^S-\e,)]^4^. (6.8) 

From (6.8), we get [f,,ifS-\z)] - [UifS-^w)] = 0. Thus [UifS-\u)] = 
On the other hand, 

A{zeiw) = A{z)A{ei)A{w) = (^ ® H )(ei ® 1 + ® ei){w O 1 + • • •) 

= ZBiW (8) 1 + ztiW (8) + • • • . 

Therefore we get vti = ztiW. Hence, we have (fS~^{v)ti = (fS~^{vti) = (fS~^{ztiw). The 
case of mj = is completed. 

For TTT-i > 0, we can write u = u'u" such that < < and < m'f < rrii where 
m[ and m'l are given by wt(tt') = Ylij'^'j^j wt(tt") = ^jTUjaj. Let v' and v" be 
vectors given by 

A(tt') = tt' (g) 1 + v'ti Cj H , and A(u") =u" 01 + v"ti O Cj H . 

Then we obtain 

A{u) = A{u')A{u") = (w' (g) 1 + v'ti ®ei-\ ){u" (g) 1 + v"ti (g) Cj H ) 

= u'u" (g) 1 + {u'v"ti + v'tiu") ®ei^ . 

Hence vti = u'v"ti + v'tiu" . From this and the hypothesis of the induction, 

[fi,^S-\u)\ = [fi,ifiS-\u')^S-\u")] 

= [fi,<pS-\u')]<pS-\u") + <pS-'iu')[fi,<pS-\u")] 

_^S-^iv% ^s-\u") + ,S-\u') ^'-'^^"^'^ 



Qi^ -Qi Qi^ -Qi 
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Q.E.D. 



We return to the proof of Lemma 6.3. We write Cf^ = ^^.x^ y^^- We shall show the 
equality of (6.7) by applying 1 (8) (tt, •) to the both sides of (6.7), where u e and ( , ) is 
the Killing form. 

= (J]/, ■ vp5-\(ti,|/-^-«^)a;f+°0 -/O ® 1 

r 

On the other hand, by Lemma 6.4 and the properties of the Killing form, 
{1 ® {u, ■)}C^{U ^fi) = Yl vS-\x^,)U ® {u, y-f^fi) 

r 

= J2 ^S-\x^,)U ® (A(^.), y;P ® U) 

r 

= J2fS-\x^)t, ® {vU,y-^){ei,fi) 

r 

= Y,^S-\{vU,y-^)x^M{%^ - Qi) 

r 

= <fS-\v)U/{qr^ -Qi). Q.E.D. 

Let us show (6.5). Multiplying q^f^+'^'^^^k-p-ai O k/s) to the both sides of (6.7), we 
obtain 

From (6.9) and the formula (B6) q~^{fi ® t^^) = {fi l)q~^, we get 
ifi ® 1) • q-''q^^+''''^+^^Hk_p_^^ ® 

From the presentation (B4), we have, 

ifi i)n = n{fi ® t-^ + 1 ® /i) = TiA^'Hfi). 

Prom this, we get (6.5). Q.E.D. 

6.2. ProjectorT We set C = E/3eQ+ <l^'^'^\kp^®kp)Cp e and set C = ((^5-i®l)C. 

From the result of [T] (Sect. 4), we know that 

C-i= g(^'^)(l®/c^)(5®l)(C^), 

/3GQ+ 

= ((^5-1 ® l)C-i = J] g(^'^)(l®fc^)((/^®l)(C^). 
/3eQ+ 
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We write C ^ = ^fc ® ^fe; where a/- e B- and G C/- and set 

k 

This is well-defined as an endomorphism of objects in 0{B). 
Proposition 6.4. For any A e t*, we have 

= r, r • h{\) = f^a, (6.10) 

and in particular, Tux = u\. 

Proof. From (6.9) we obtain (/^ ^ tr^)C = CA('^)(/j) for any i, and then C'^ifi ® tr^) = 
A^^\fi)C-\ Thus 

Ofc/i <8) = X] /iOfc (8) t^^bk + afc /i^fc- (6.11) 

Applying m o (7(1 5-1) to the both-side of (6.11), where (7:a(8)6i— >6(8)a and m is a 
multiplication, we have 

^tiS~^{bk)akfi = ^S~^{bk)tifiak - S~'^ {bk)tifiak = 0. 

Thus r • = for any i e I. From this and Proposition 2.3, we get (6.10). Q.E.D. 
Example. For q = sb, we have 

r = ^ (_i)-/(-)e"". (6.12) 

n>0 

Note that an element similar to (6.12) is introduced in [Kl]. 
Appendix A. 

We list several formulae for the operations in Sect.l, which are analogs of the formula for 



a Hopf algebra. 

(l®m)(l®v?®l)(l(8) A(''))AW(X) = X® 1 (XeB) (Al) 

(m®l)(l®</:®l)(l® A(^))A('^^(X) = 1®X (XeB) {A2) 

(l®m)(l®a)(l®v'"^ ® ® 1)A(^)(X) =X®1 (XeB) {A3) 

(m®l)(a®l)(l®</:-i®l)(A('')®l)A«(X) = 1®X (XeB) {A4) 

(l®m)(l®v'® ® 1)A(^)(X) -X® 1 (XeU) (A5) 

(l®m)(v7® 1® 1)(1® A('^))A('')(X) = 1(0X (XeU) {A6) 

m{^(^l)A'^^\X) =e{X) {X eU) (A7) 

(1 ® £) A^'^) {X)=X®1 {XeB) (AS) 

(e®l)AW(X) = 1®X (XgS) (A9) 

AW^-I(X) = (a-i ® ^-i)(7A(^)(X) {X e S) (vllO) 

A(^V(^) = (<^®a)(7A(^)(X) {XeB), {AH) 

AW (X) = (1 ® ipS-'')A{X) {X e ?7+), (^12) 

A^^\X) = {ip-^S®l)A{X) {XeU-), {A13) 
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where a: a^b^b^a and m is a multiphcation m : a ®b ^ ab. 

These are obtained by direct calculations. We shall show, for example, (Al). First 
we show for generators; this is trivial. Next, we assume that x and y & B satisfy (Al) and 
write (1 ® AW)A('")(w) = X)^(i) ® ^^(2) ® U{3)- Then we have 

(1 ® m)(l 1)(1 (g) A(''))A^^^(a;y) = (1 (g) m) ^a;(i)y(i) ® cp{y^2))v{x{2)) ® 3^(3)^(3) 

Thus we get (Al). 
Appendix B. 

In this appendix, we recall the theory of the universal R- matrix of U (see [D1],[T]). 

Recall that for the Hopf algebra {U, A, S, e) the universal R-matrix TZ is an element 
which enjoys the following properties ([D1],[T]), 

nA{x) = A'{x)n for any x e U, (51) 

(A (g) l)7^ = 7^l37^23, (i A)n = 7^l37^l2, (52) 

(e ® id)7^ = 1 1 = (id ® £)7^, (5 id)7^ = 7^"^ = (id ® 5)7^. (S3) 

We need some preparation to write down the explicit form of TZ. Let U0U be a weight 
completion olU ®U as in Sect.l. Let if e t® t be a canonical element with respect to the 

invariant bilinear form on t. We extend the algebra U®U by adding formal elements 
with the following properties; 



■ q-^ = q-^ ■ = 1®!^ q^^ {q^ ® q^' ) = {q^ ® q^' )q^^ , {BA) 
?±^(ei 1) = (e^ ® )?±^, ?±^(1 (g) eO = (t± 6^)?^-^, (55) 
9^''(/i®l) = (/»®t?)9^^ 9^''(l®/0 = (*?®/i)9^^ (56) 



where g "^ 's are elements corresponding to g on the i-th and the j-th components 
in tensor products and they commute with each other. Thus, for example, we identify 

qf^i2 with g^ (g) 1. We denote this algebra by (t/(g)C/). From the property (B7), we can 

also extend A (g) 1 and 1 (g) A to the algebra homomorphism {U®U) — > {U®U®U). More 

generaly, we can extend t/®" to {U®'^) by adding q^^'^i {1 < i < j < n). 

By using the Killing form (see Sect. 3) we can carry out Drinfeld's quantum double 
construction formally and get an explicit presentation of TZ, 

n = q-'' Yl ^^'^'^Kkp^ ® kp)C/3 e (Um), (58) 
/3eQ+ 

where /cyg is an element of T given by /c^ = Yij — Ylj '^j^j ^^"^ is a canonical 

element of U"^ (g) UZ^ with respect to the Killing form. 

Here, for tZ-modules V and VF, q'^^ can be regarded as an element of End(y (g) W) 
given by q^^ {u ® v) = q^^^''^\u (g) v), {u e and v e W^). (See [Kac] Sect. 2). In such 
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consideration, 71 makes sense as an endomorphism of tensor products of t/-modules. For 
vectors u and v as above we get, 

= q-{i+P,n-l3)-{l3,l3)+{l3,r,-^)Cp{u ® v) = q'^^^'^^Cpiu ® v). 
Therefore, we obtain 

n{u®v) = q-^^^'^^^Ci3{u®v). (59) 



When is an affine Lie algebra, we set 

n'{z) = q-H+cm+d®c J2 g(/3,/3)(^(d,/3>;.-l ^ },^^c^, {BIO) 

PeQ+ 

where c is a canonical central element of and (i is a scaling element of g. This is used 
to describe the image of the universal R-matrix onto a tensor product of affinization for 
finite dimensional C/'-modules. (see [FR],[IIJMNT].) 
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